Abstract: Slow light propagation through photonic crystal (PhC) slab devices has great potential to reduce the size and power consumption of silicon photonic optical circuits. Most commonly, slow light routing through photonic crystals is achieved by using W1 waveguide bends operating near their cutoff frequencies. Unfortunately, this leads to optical pulse distortion due the high group velocity dispersion (GVD) associated with these designs. In this letter, however, we study the coupling between slow light waveguides optimized for nearzero GVD and 60
Introduction
Propagation of optical modes through dispersion engineered slow light waveguides can produce exciting phenomena such as large linear phase shifts [1] , [2] and time delays [3] , [4] , as well as soliton compression [5] and the enhancement of optical nonlinearities [2] , [6] . These effects allow silicon's (Si) optical properties, such as its high nonlinearities and the high confinement factor associated with its large linear index, to be explored more efficiently. This can lead to reduction of footprint and power consumption of active optical components [1] , [6] , and the achievement of better compatibility between Si photonics and CMOS technology. In this way, many key devices for photonic integrated circuit (PIC) platforms, e.g., optical modulators [7] , switches [8] , buffers and delays lines [9] , [10] could be build without the need for exotic materials and hybrid approaches.
In photonic crystal (PhC) W1 waveguides [11] , composed of a missing row of airholes in the − K direction of the periodic lattice, Bloch modes with very low group velocities (v g = dω/dk, where k is the wavevector and ω the light angular frequency) arise near their band edges [2] , [6] . With no optimization, the rise in group index n g = c/v g , which implicates speeds significantly lower than the speed of light in vacuum c, is accompanied by an accentuated growth of the waveguide group velocity dispersion (GVD), limiting the bit rate of PICs due to pulse broadening and distortion [6] , [12] . This issue has motivated several works in which the high degrees of freedom of W1 waveguides have been exploited for dispersion engineering in order to produce slow light with large group indices and controlled GVD bandwidths [12] . The most common and simple approach to accomplish this task is the adjustment of the holes in the rows adjacent to the waveguide line defect by a transverse [13] , [14] or parallel [15] , [16] shift in their positions.
Exploring the photonic bandgap (PBG) effect, light can be routed at the nanometer scale through PhC waveguide bends with low propagation losses and large bandwidths. The work presented by B. Miao et al. [17] shows some very interesting results in the fast light regime, in which the PhC waveguide group index is comparable to that of a Si slab. In that work, good coupling between W1 waveguides and 60
• bends was achieved by using a simple geometry composed of a reflector based on index-guiding (IG). The results reported in [18] where a geometry resulting in a very large bandwidth obtained by topology optimization, is also worthy of notice. At the slow light regime, one of the pioneer works in this subject was reported by Moll and Bona [19] , who proposed a reduction in the sizes of 14 holes around the bends in order to realize an efficient impedance matching between the bend modes and the slowed down optical waveguide modes, thus shifting the device transmission spectra into the waveguide cutoff frequency. Following this strategy, an attenuation coefficient of 0.1 dB/bend was experimentally measured in [20] . Also using a topological optimization algorithm, the bandwidth of the slow light PhC waveguide bend presented in [21] was enlarged by near three times with respect to that previously presented in [19] . It is important to note however that, despite their good results, all of these studies involving slow light PhC waveguide bends are related to the routing of optical modes near the cutoff frequency of W1 waveguide sections, with no optimization for low GVD operation.
PhC waveguide bends optimized for the coupling between straight sections of GVD engineered slow light waveguides could be of great practical use in designing PICs. This would enable a more uniform and compact platform, in which all the components can be monolithically integrated inside the same PhC slab, instead of relying on the usual hybrid approach where low GVD slow light PhC waveguide sections are interconnected by wire waveguides [7] - [9] . Some difficulties must be overcome to realize this task, like for example minimizing the effects of variations in lattice constants near the line defect of slow light waveguide designs optimized for low GVD. Another difficulty is the very different mode profiles in the fast and slow light regimes of the even gapguided band of such waveguides, which is generated by an anti-crossing between a gap-guided and an index-guided band [22] . Here we address this issues and present a study using numerical methods and the temporal coupled mode theory to assess the coupling between near-zero slow light waveguides and 60
• PhC bends. The analysis includes the performance of single bends coupled to input/output waveguides and also of S-bends composed of two cascaded bends. In the latter, a great dependence of both device transmission and dispersion on the bend-waveguide quality factor was observed. We propose a novel 60
• PhC bend design optimized for coupling near-zero GVD slow light waveguides over a large bandwidth. At the same time it is simple and straightforward in terms of ease of fabrication. The results are very promising for effectively reducing the footprint of slow light modulators and switches, as well as giving more flexibility in routing long optical buffers and delay lines.
Near-zero GVD Slow Light PhC Waveguides
The slow light waveguide structures included in our study are based on a transverse shift in the positions of the two airholes rows close to the waveguide line defect, as proposed in [13] . These structures lead to lower propagation losses [12] and higher values of normalized delay-bandwidth product (NDBP), which quantifies the waveguide capacity for supporting slow light states over an extended bandwidth. This parameter is defined as [9] ,
where ω m is the central frequency of the bandwidth ω limited in a range corresponding to ±10% variation around the average group index n g . The dispersion control of these devices relies on the adjustment of the positional parameters δ 1 and δ 2 , indicated in Fig. 1(a) , used to reference the shifts on the first and second airholes rows adjacent to the waveguide line defect, respectively. The waveguide structure was modeled as an airbridge Si membrane with lattice constant a = 411 nm, normalized holes radii r /a = 0.3 and thickness h /a = 0.6. After extensive optimization of the twodimensional line defect waveguide band diagrams obtained by the effective index approximation, the parameters δ 1 and δ 2 were ranged between 0.00 ≤ δ 1 /a ≤ 0.10 and −0.06 ≤ δ 2 /a ≤ 0.00 in steps of 0.01a. The group index spectra were derived from the waveguides even gap-guided bands, calculated by a three-dimensional plane wave expansion method (3D-PWE) [23] using a super-cell with 11 periods. Initially, we have selected waveguide structures with values of δ 1 and δ 2 leading to n g around 50, 70 and 100, i.e., slowdown factors up to 40. To garante large delays over wide bandwidths, with minimum GVD, we have tuned the geometry using the NDBP values, as well as a newly defined slow light flatness parameter v g n g , defined as
where λ mi n and λ max correspond to the minimum and maximum wavelengths λ within the ±10% limited bandwidths, respectively. This additional parameter was introduced to better capture the group index slope variation within the slow light bandwidths, which is difficult to observe using solely the NDBP, thus suplying information about the waveguide GVD level. The lower the v g n g value, the lower the slope and group velocities within the waveguide bandwidths. This allows one to accurately distinguish between the fast and slow light waveguide regimes and to carry out an objective comparison between different geometries. In this way, the final values of δ 1 and δ 2 were selected based on the maximum achievable NDBP value restricted to the minimization of v g n g . This resulted in slow light waveguides with n g values of 51, 72 and 96, possessing β 2 parameters of 1.32, −0.16 and 0.77 p s 2 /mm, respectively. The spectral curves of n g and β 2 are shown in Fig. 1 summary of relevant waveguide characteristics, are reported in Table 1 . By comparing the curves of n g and β 2 we observe the expected correspondence between the near-zero GVD bandwidths and the very flat n g regions inside the colored bars. These ranges with smaller β 2 values also provide a reduction of third-order dispersion, which can also distort short optical pulses. Regarding the NDBP values (also exhibited in Table 1 ), even though the waveguides were optimized for near-zero GVD, these values are very close to each other and remain almost constant near 0.2, despite the rise in their group indices and, consequently, the decrease in ω values. Another aspect that must be pointed out is the reciprocal relation between n g and the red shift of the slow light waveguide's cutoff frequencies ω c with respect to the W1 one. This can be an important issue regarding the insulation of device input/output ports from mode tunneling due the reduction of the mini-gap between ω c and the extended states in crystal.
Coupling Low GVD Slow Light Waveguides Using Reduced Holes Size 60
• PhC Bends
The coupling between the low GVD slow light waveguides through 60
• PhC bends was analyzed, initially, considering the model represented in Fig. 2 , which encompasses both structural and numerical modeling information. Below the light line, PhC bends can route light with no intrinsic radiation losses even at nanometer scale bend radii. The bandwidths of PhC bends however, are limited by reflection losses arising from the broken discrete translational symmetry at the waveguide/bend junction. A strategy usually employed to reduce reflection losses is the modification of the bend geometry in such a way that the mode profiles and effective indices at the waveguide/bend coupling sections match each other. In our model, the holes at the bend are moved along the path indicated by the dash-dot line A B , i.e., in the − K direction, in order to keep them aligned to the shifted airholes rows. As a consequence, the lattice constants a 1 , a 1 , a 2 and a 2 can be larger or smaller than the regular lattice constant a depending on the values of δ i (i = 1, 2). Their values can be calculated
for the inner and outer bend corner, respectively. The coupling mechanism must be as insensitive as possible with respect to these fluctuations in a i and a i values.
In order to route the slow light modes of the previously optimized waveguides, the radii r B of the 14 holes around the bend in Fig. 2 were adjusted to raise the bend effective index. This results in a higher overlap between the even gap-guided bands of the bend and the waveguide at frequencies close to ω c , as proposed in [19] . This strategy demonstrated an effective way for coupling slow light optical modes of non optimized W1 waveguides, at the same time keeping low the bend induced phase shift and dispersion, as reported in [24] . For each one of the waveguide structures defined in Section II the value of r B was varied from 0.30a to 0.24a and a i was adjusted accordingly. We have used the three-dimensional finite-differences time-domain method (3D-FDTD) [25] to model electromagnetic wave propagation trough the structure. The electromagnetic fields propagated from the source plane s 1+ were monitored at positions s 1− and s 2− . Two techniques was employed to reduce coupling losses between the wire access waveguide and the slow light sections of the PhC waveguides: i) the truncation of the PhC periodic matrix at a specified position in the connection point to the access waveguide [26] ; ii) a PhC taper introduced by the modulation of the lattice constants of seven cells in the longitudinal direction of the slow light waveguides [27] . Details about the coupling section parameters can be found in references [26] , [27] .
The transmission (colored) and reflection (black) spectra of the bend structures with n g = 51, 72 and 96 are shown in Figs. 3(a)-3(c) , respectively. The corresponding slow light waveguide transmission (gray) and n g (dashed black) spectra were also included for reference. In all cases, the best coupling of slow light optical modes was attained for r B /a = 0.26 and, despite the changes in the lattice constants a i and a i , a 14 nm -3 dB bandwidth covering the entire low GVD slow light regime was obtained near the waveguide's cutoff frequency.
The attenuation caused by reflection losses at the bends across the ±10% bandwidths are 0.5 dB below the ones observed in the slow light waveguides transmission spectra. This indicates a good match between the even gap-guided bands of the optimized waveguides and the 60
• PhC bends. However, as we move towards the fast light regime, which corresponds to lower wavelengths, an almost linear rise in reflection can be observed in the spectra. A better comprehension of this effect is gained by analyzing the reflection coefficient of the PhC waveguide/bend junction r (ω), given by [28] 
where L b is the equivalent length of the bend, k w and k b are the mode wavenumbers in the slow light waveguide sections and in the PhC bend, respectively. The greater the difference k
, the higher the value of r (ω) and the larger the reflection losses. Considering the very small spectral regions shown in Fig. 3 in which the bend reflection coefficients approach zero, we can infer the presence of an increasing detuning between the bend and waveguide band diagrams for frequencies immediately above the ±10% bandwidths.
Analysis of Mode Routing Through a S-bend Structure
The 60
• PhC bends are frequently joined using a small waveguide section to build S-bends as the one depicted in Fig. 4(a) , in which two 60
• bends with reduced hole sizes are coupled to input/output near-zero GVD slow light waveguides. This bends are coupled to each other by a waveguide section with length L = 13a. The effects of this arrangement over the coupling were observed by electromagnetic modeling via FDTD with equivalent parameters as the ones used for the bend. The only exception in this regard was the flux monitor s 2− , now located inside a wire waveguide output port coupled to the slow light PhC waveguides using the same mode coupling approach as that of the feed port.
The S-bend transmission spectra in Figs. 5(a)-5(c) diverge from the single bend coupling ones shown in Figs. 3(a)-3(c) in some aspects. Firstly, it is possible to verify considerable transmission beyond the waveguide's cutoff frequencies as a consequence of mode tunneling throughout the S-bend. In the n g = 51 structure this effect is more intense, as can be noticed from the well defined peak around 1580 nm, since the slow light waveguides are less insulated from the PhC extended states. Another issue is the presence of a well defined dip in transmission spectra, reducing its -3 dB bandwidths, similar to the one presented by Moll and Bona [19] . Despite these changes, at the ±10% bandwidths highlighted by the colored stripes the intensity of the transmission and reflection spectra remains almost unaffected. This shows that there is strong coupling of the slow light modes through the bends whith reduced hole sizes. The mode splitting shown in these transmission spectra arise in the fast light regions, where the modes become weakly coupled due the detuning between k w and k b . This effect is similar to the one observed in two identical standing wave cavities indirectly coupled by a waveguide section [29] , as represented in Fig. 4(b) .
For a better comprehension of the system as a whole, the S-bends were modeled by lumped components weakly coupled to each other relying on the temporal coupled mode theory (CMT) formalism. The 60
• PhC bends are depicted in Fig. 4(b) as the standing wave cavities having mode amplitudes A 1 and A 2 associated with the forward and backward waveguide propagation modes s j+ and s j− (j = 1, 2), respectively. The quality factors Q w = ω 0 τ w /2 and Q i = ω 0 τ i /2 are associated with the cavity-waveguide coupling and intrinsic cavity losses, respectively. They are related to the resonant frequency ω 0 as well as to the decay rates τ w = τ w 1 /2 = τ w 2 /2 and τ i = τ i 1 = τ i 2 . The phase shift associated with propagation over a distance equal to L is φ = k w n g L . Considering no field fed from the output port (s 2− = 0) and assuming that the cavities behave like two Fabry-Perot etalon mirrors, the transfer function t 21 relating the field amplitudes s 2− and s 1+ is given by [29] 
where = [(ω − ω 0 )/ω 0 ] is the normalized frequency. Taking L = 13a it is possible to calculate the |t 21 | 2 and fit it to the FDTD transmission spectra of Figs. 5(a)-5(c). This is done by setting the values of ω 0 and n g to the ones taken around the dips in transmission spectra, and choosing suitable values for Q w and Q i . A very good match has been achieved between FDTD and CMT for the weakly coupled waveguide/bend modes with Q w ≈ 200 and Q i = 20.000. In this way, the observed mode splitting can be accounted for as a consequence of the highly resonant nature of these bends, making them behave like two weakly coupled standing wave cavities [29] when the detuning between k w and k b is large. Fig. 6 . Proposed 60 • PhC bend: An index guided (IG) based reflector (red contour) was introduced on the first row of airholes by merging the three holes of the outer bend corner using simple rectangles. The radii r B of the 9 holes depicted in yellow were maintained in 0.26a. The radii of the three reflector corners and its two neighboring holes (also highlighted in red) were adjusted to r R = 0.24a in order to guarantee effective index mode matching.
Another consequence of the high value of Q w is an increase in dispersion at the ±10% bandwidths of the s-bends. Since GVD can also be given by the second derivative of the mode phase shift (d 2 φ/dω 2 )L −1 , the accentuated slope on the phase spectral curves, calculated by arg(t 21 ), can result in larger GVD values within the regions highlighted in color. Thus, although the reduction of the holes radii leads to low dispersion when coupling slow light waveguides throughout a single bend [24] , cascading the bends described above would cause signal distortion. This is essentially due to poor matching between k w and k b at the vicinities of the ±10% bandwidths.
Bend Bandwidth and Dispersion Optimization
To overcome the relative flaws of the 60
• PhC bend design described in the previous section, i.e., its small bandwidth and high quality factor, we propose a modified 60
• PhC bend geometry. This is aimed at reducing the mismatch between k w and k b in order to keep the waveguide/bend strongly coupled over a larger bandwidth. An IG based reflector was introduced on the first row of holes by merging the three holes of the outer bend corner using simple rectangles, as shown in Fig. 6 by the red contours. Although the remaining radii of the 9 holes in yellow are still adjusted to 0.26a, when the IG reflector is introduced, the bend effective index is lowered due to its larger area filled with air and a new mode matching condition must be established. This task was accomplished by reducing the radii r R of the reflector corners holes to 0.24a. The two neighboring holes (also in red) were also reduced to 0.24a.
The reflection, transmission and group index spectra of the new 60
• PhC bend coupled to low GVD slow light waveguides with n g = 51, 72 and 96 can be visualized in Figs. 7(a)-7(c) , respectively. A significant reduction of reflection losses can be observed with respect to the previous spectra (dotted black lines), maintained in this graph for purpose of comparison. This validates the original goal of obtaining a better match between both the bend and the waveguide band diagrams. As a result, the -3 dB bandwidths increased to 52 nm in all cases, corroborating the invariance of bend response under the a i and a i lattice shifts.
Impacts of the Proposed 60
• PhC Bends Over a S-bend Structure
The effects of bend cascading were assessed in the same way as before: by modeling a S-bend like the one shown in Fig. 4(a) with the exception that the proposed bend design containing the IG The respective slow light waveguide transmission (gray) and n g (dashed black) spectra were included for reference. The bend -3 dB bandwidths were increased by more than three times as a result of a sensitive reduction in reflection losses with respect to the previous reflection spectra (dotted black). reflector replaced the bend used in that figure. The transmission spectra were fit once again using eq. (4) [29] . Besides the larger bandwidths, another significant feature obtained by the smaller Q w of the proposed PhC bends was the reduction of the S-bend dispersion, confirmed by the significant lowering of the slope of the mode phase shift spectra (squared colored marks) with respect to the previous ones, depicted in grayed dashed lines in the bottom graphs. As a consequence of better matching between k w and k b , the weak coupling regime of the proposed bends no longer happen at the ±10% bandwidth regions within the color bars in Figs. 8(a)-8(c) . This means that the mode splitting is no longer at this range of frequencies, causing a smaller impact over mode dispersion.
Analysis of Design and Fabrication Sensibility
The effects of changes in the length L over the dispersion and transmission characteristics of the S-bend structure were evaluated, once it is a design parameter certain to be varied depending on application. The value of L was increase to 17a in both S-bend designs and their transmission spectra were calculated by FDTD in order to assess the impacts of the resulting phase changes over the coupling. The results related to the S-bend composed by the 60 • PhC bends with reduced hole sizes (14 holes with radii r B adjusted to 0.26a) are shown in Fig. 9(a) (gray) , where the previous transmission spectrum calculated for L = 13a is still depicted (blue continuous line). A red shift of the mode splitting caused by a larger φ value can be seen in this graph. This can alter significantly the dispersion characteristics of the structure as a whole. A different behavior can be observed in the S-bend containing the IG reflector, as shown in Fig. 9(b) , where there is almost no modification in the slow light region of the transmission spectrum (gray) when compared to the design where L = 13a was used (blue). A difference between the two curves can be noticed only in the fast light regime, which corresponds to the region having larger values of k
, weaker coupling. Thus we can expect that the slow light bandwidth of S-bends with the proposed PhC bends will not be significantly impacted by higher values of L , since the entire bandwidth is inside the strongly coupled region above 1560 nm.
The proposed bend design was also analyzed with respect to deviations introduced in the holes radii, which is the most sensitive geometrical parameter in the fabrication processes. Simulation models in which random perturbations were introduced in PhC holes sizes were performed by using a Gaussian distribution function with normalized standard deviations σ r /a ranging from 0.003 to 0.015. The FDTD transmission spectra were averaged over 6 distributions to optimize the confidence level of the results as well as the simulation time. For this much disorder, which represents up to 5% of the PhC hole radius, the fast light regimes of the transmission spectra were almost unaffected, regardless of the n g value. The deviations in holes radii are responsible, however, for a more intense attenuation in the slow light regime, as observed in Fig. 9(c) , which summarizes the attenuations obtained at ω m as a function of σ r /a. In general, the higher the average group index, the higher the measured attenuation, with a maximum of −7 dB observed for σ r /a = 0.015 and n g = 96. This issue has been reported in past works and it is related to the evolution of the shape of the slowed down optical modes, which increases the effective number of rows of airholes contributing to radiation and backscattering losses [30] , [31] . The former has a linear dependence on the group index, whereas the latter depends on its square [30] , [31] . Despite the pronounced effect of radii disorder on slow light optical modes, these data reveal that the proposed structures are very stable for σ r /a ≤ 0.009 (3% of PhC hole radius).
Conclusion
In this work we have proposed novel designs that significantly reduce the dispersion associated with photonic crystal slow light waveguides to bend couplings. With this goal in mind, we performed an analysis of the coupling between near-zero GVD slow light waveguides and 60
• PhC bends in which the positions of carefully chosen holes in the lattice were changed as a function of the waveguides geometrical parameters δ 1 and δ 2 . Using the strategy proposed by Moll and Bona [19] it was possible to match the waveguide effective index at the slow light regime reducing the sizes of 14 holes positioned around the bend, despite the changes in bend lattice constants a i and a i , when the waveguide average group index was ranged between 51, 72 and 96. However, when these structures were cascaded to form devices such as S-bends, their high bend-waveguide quality factor resulted in mode splitting, which reduce their bandwidths, besides introducing larger dispersion over the low GVD ± 10% limited waveguide bandwidths. To overcome these drawbacks, we proposed a novel 60
• PhC bend design by introducing an IG based reflector on the first row of airholes of the outer bend corner. At the same time, we have optimised the remaining bend holes sizes in order to reestablish the slow light mode matching condition. This new bend geometry demonstrated to be effective in matching the waveguide/bend band diagrams along a large wave-vector range, leading to an improved -3 dB bend bandwidth of 52 nm in devices with slowdown factors up to 40. As a result of the strong bend/waveguides coupling, the dispersion induced in S-bends can also be considerably reduced. A sensitivity analysis of design modifications and fabrication induced disorder reveals that the proposed 60
• PhC bends can provide very stable operation under changes in Sbend lengths and deviations up to 3% of the PhC holes radii. These results can be of great impact for the construction of compact monolithically integrated modulators, switches, WDM devices, and filters based on photonic crystals, as well as to give greater flexibility in routing long optical buffers and delay lines along dense PICs.
